We describe the effective supergravity theory present below the scale of spontaneous gauge symmetry breaking due to an anomalous U (1), obtained by integrating out tree-level interactions of massive modes. A simple case is examined in some detail. We find that the effective theory can be expressed in the linear multiplet formulation, with some interesting consequences. Among them, the modified linearity conditions lead to new interactions not present in the theory without an anomalous U (1). These additional interactions are compactly expressed through a superfield functional. * E-Mail: MKGaillard@lbl.gov † E-Mail: JTGiedt@lbl.gov ‡ This work was supported in part by the
where K is the Kähler potential, q X A is the U (1) X charge of the (complex) scalar matter field φ A , ξ is the FI term, Q X is the charge generator of U (1) X , g s is the unified (string scale) gauge coupling, and m P = 1/ √ 8πG = 2.44 × 10 18 GeV is the reduced Planck mass. In the remainder we work in units where m P = 1.
At tree-level in the underlying theory, the chiral dilaton formulation has g 2 s = 1/Re s , where s = S| is the lowest component of the chiral dilaton superfield S. However, once higher order and nonperturbative corrections are taken into account the chiral dilaton formulation becomes inconvenient. The dual linear multiplet formulation-which relates a (modified) linear superfield L to {S,S} through a duality transformation-provides a more convenient arrangement of superfield degrees of freedom due to the neutrality of L with respect to target-space duality transformations (hereafter called modular transformations). In the limit of vanishing nonperturbative corrections to the dilaton Kähler potential, g 2 s = 2 ℓ , where ℓ = L|. Throughout this article we use the linear multiplet formulation [4] . Except where noted below, we use the U (1) K superspace formalism [5, 6] . (For a review of the U (1) K superspace formalism see [6] ; for a review of the linear multiplet formulation see [7] .)
In the linear multiplet formulation, the FI term becomes
Consequently, the background dependence of the FI term in (2) arises from ℓ = L| . The FI term induces nonvanishing vacuum expectation values (vev's) for some scalars φ i as the scalar potential drives D X → 0, if supersymmetry is unbroken. The nonvanishing vev's in the supersymmetric vacuum phase can be related to the FI term. Then L| serves as an order parameter for the vacuum and all nontrivial vev's can be written as some fraction of L| . Our approach in what follows will be to promote this to a superfield redefinition wherever possible. Our starting point is the effective supergravity model of gaugino condensation developed by Binétruy, Gaillard and Wu (BGW) [8, 9] as well as subsequent elaborations by Gaillard, Nelson and Wu [10, 11] . A significant modification is the inclusion of a U (1) X factor in the gauge group and the corresponding GS counterterm in the effective Lagrangian. The effective Lagrangian at the string scale is defined by
The first term is the superspace integral of the real superfield functional
This contains the usual kinetic term (−3) in the U (1) K formalism, as well as tree-level terms with explicit dependence on the (modified) linear superfield L. The contribution 2Ls(L) includes the gauge kinetic term of the more conventional supergravity formulation. (In the dual chiral formulation s(L) → Res.) In the BGW articles [8, 9] , this was written in terms of a functional f (L) such that 2Ls(L) = 1 + f (L). Note that s( L| ) = g −2 s determines the unified (string scale) gauge coupling g s . The contribution L (bG − δ X V X ) provides the GS counter-terms which cure field theoretic anomalies associated with modular and U (1) X transformations. Here, V X is the U (1) X vector superfield and G is defined by 1
A prominent advantage of the U (1) K formalism is that Weyl rescalings are performed at the superfield level, and no rescalings are necessary at the component field level to obtain a canonical Einstein term. For example in the Lagrangian (3) which we start with, we require
where k(L) is the L-dependent part of the Kähler potential. Of chief concern in what follows will be the maintenance of the canonical normalization for the Einstein term-concurrent to field redefinitions. Therefore we lay out a general prescription for determining the necessary Einstein condition from L rewritten in a new field basis. The relevant part is (4). We define M to stand collectively for the fields which are to be regarded as independent of L in a given basis. We then define the functional S by the identificatioñ
The Einstein condition holds provided
1 In our considerations we oversimplify by considering only the three "diagonal" Kähler moduli T I = T II (I = 1, 2, 3), present in each of the ZN and ZM × ZN six-dimensional orbifolds, and transforming under an SL(2, Z) 3 subgroup of the full modular duality group [12, 13] .
Here, the subscripts on parentheses instruct us to hold constant under differentiation the fields denoted collectively by M . It can be seen from (4) that
and that (8) applied to (9) is equivalent to (6) . It is our intent to integrate out the modes which become heavy due to the FI gauge symmetry breaking. Clearly the U (1) X vector multiplet becomes massive. Then the most relevant parts of the Lagrangian are those where the chiral field strength W X appears. It is important to keep in mind the modified linearity conditions
Because of this, the kinetic and L-dependent parts of the Lagrangian are the focus of most of our attention. Our manipulations involve superfield redefinitions which are intended to giveL a form where heavy modes are apparent and are not linearly coupled to light modes. Truncation of the field content to the new light field basis then accounts for tree level exchange of heavy modes. Note that we are not using U (1) K superspace for the anomalous U (1) X . That is, the covariant derivatives used to define component fields contain the connections for the unbroken gauge group G C , but not U (1) X . The vector superfield V X has to be introduced explicitly (as opposed to the geometric method of U (1) K superspace) both to regulate the QFT loops [14] , and in the GS term [2] . However, there is no problem including a Chern-Simons superfield for U (1) X in the duality transformation (discussed below) giving L, so the modified linearity conditions (10) still lead to gauge kinetic terms for U (1) X .
The second term in (3), L th , accounts for threshold effects due to heavy states above the string scale. The third term, L Q , gives the quantum corrections from states below the string scale to the effective Lagrangian. The Kähler potential is kept to leading order 2 in matter fields Φ A . For the compactification moduli T I we keep the well-known terms which have been extracted from the dimensional reduction of ten-dimensional supergravity [15, 12] or the matching to four-dimensional string amplitudes [16] . The linear multiplet contribution is allowed a nonperturbative contribution g(L) which will be exploited for stabilization. Altogether,
For each Φ A , the U (1) X charge is denoted q X A while q A I are the modular weights. The convention chosen in (11) implies U (1) X gauge invariance corresponds to the transformation
The threshold contribution from heavy string excitations is 3
where W a α is the chiral field strength for the factor G a of the gauge group. L Q is the one-loop quantum correction that transforms anomalously under U (1) X and modular transformations. Thus, L Q gives the field theory anomalies canceled by the GS terms included above. Following Refs. [14, 10] , we write L Q as
where P χ is the chiral projection operator [17] , P χ W α = W α , that reduces in the flat space limit to (162) −1D2 D 2 , and the L-dependent piece f a (L) is the "2-loop" contribution [18] . Of course, the full one-loop effective Lagrangian has many more terms than what is shown here; however, they are not important for our purposes. The GS coefficients b and δ X appearing in (4) must be chosen to cancel the anomalous modular and U (1) X transformations that the Lagrangian would have in the absence of the GS counterterms. It is not hard to check that the correct choices are given by:
In the remainder of this article, we specialize to the case with just one chiral matter multiplet Φ with U (1) X charge q and modular weights q I . Further, we take U (1) X to be the only U (1). Then the Kähler potential (11) reduces to
and (4) is unchanged. Since the scalar component φ ≡ Φ| must get a vev to cancel the FI term, it is consistent to write φ = e θ , where θ is a complex scalar field. Promoting this approach to a superfield expression, we define a chiral superfield Θ such that
3 A slight change in conventions has been made here and in LQ below, versus Refs. [9, 14, 10] , involving factors of
We then make a field redefinition of the vector superfield V X , which is equivalent to a U (1) X gauge transformation, to "eat" the chiral superfield Θ:
The field V ′ describes a massive vector multiplet in the unitary gauge that we have chosen.
To summarize, we have made a sequence of field redefinitions
Because V ′ is a massive vector multiplet, it has more degrees of freedom than V X , which accounts for the illusion of a smaller field content in the last step. Gauge invariance of L assures that we need only set
The expressions for K andL become
Eqs. (14, 13) are given by the replacement W α X → W α V ′ , where
and (15) instead has B a (L, V ′ , g I ).
In the effective theory below the scale of U (1) X breaking we wish to eliminate the massive V ′ multiplet but account for the leading effects of its tree exchange; we accomplish this by field redefinitions which eliminate linear couplings of light fields to V ′ . The coupling ELV ′ which appears in (24) suggests we will need to shift L to accomplish this. The presence of g I in K suggests g I might also be involved; however, we opt to avoid redefinitions which involve g I so that manifest modular invariance is preserved. An important point in this regard is that in the supersymmetric vacuum phase, D X = 0 determines a modular invariant vev,
Thus it should be possible to have a modular invariant effective theory after the U (1) X symmetry breaking.
We begin with a superfield redefinition such that we have, instead of V ′ , a massive vector superfield with vanishing vev for its scalar component. We do this by re-expressing the nonvanishing vev in terms of L. With the Kähler potential (18) , the FI term (2), rewritten in in terms of (16) , and the gauge fixing (20) , we have
For the supersymmetric vacuum phase D X = 0:
We introduce a vector superfield U with vanishing vev (i.e., all component fields are defined to vanish in the vacuum) such that this condition is maintained:
This yields the redefinition
In terms of the new set of independent fields (L, U, g I ) Eqs. (23) and (24) take the form
The expression for L th + L Q is modified in two ways, when expressed in terms of the basis (L, U, g I ). First, the chiral field strength (25) now takes the form
Thus Y α will appear in L th + L Q . E.g.,
Note that (33) also effects (10):
Thus terms other than the chiral field strengths of gauge multiplets appear in the modified linearity constraints when the redefinition (30) is made.
Second, B a in (15), re-expressed in terms of the new fields, takes the form
Consequently L Q now has terms due to the shift:
This is of course in addition to the Y α which appears from the a = V ′ terms in the sum in (14) , analogous to (36). Now consider the effect of the transformation (L, V ′ , g I ) → (L, U, g I ) which we have made, on the Einstein condition. This is a Legendre transformation where in the new coordinates, (L, U, g I ) are to be regarded as independent. In the (L, V ′ , g I ) variables the condition was satisfied:
where from (24), S(L, V ′ , g I ) is given by (9) with V X replaced by V ′ . However in the (L, U, g I ) basis the identification (7) now yields a different functional (cf. (32)):
where for convenience we definẽ
We remark that the last expression defines effective GS coefficients in the new basis. With respect to the new variables (L, U, g I ), taking into account (30) and (41), the Einstein condition is no longer satisfied due to the presence of a "convective derivative" term:
Further redefinitions are required, even though this expression vanishes at vacuum according to U = 0. We must generalize and allow a redefinition of the linear superfield L. However, a redefinition which involves L will generally spoil the modified linearity conditions. We next describe how this is avoided. We make a transformation (L, U, g I ) → (L, U, g I ) defined by
which we associate with a Weyl transformation
so as to preserve the modified linearity condition (10) . Here E(K) denotes that E is subject to the torsion constraints which depend on K whereasÊ ≡ E(K) is subject to the same constraints but with K →K. We find below that we can restrict ∆k such that
Thus (45) and (47) allow us to express L as a function of (L, U ).
From (46) we easily obtainK as a function of (L, U, g I ):
We expand the last term aboutL to obtain a power series in U . This will have coefficients
After some work we obtain the serieŝ
with theL dependent coefficients to O(U 2 ) given bỹ
where for convenience we define the quantity
Substitution of (45) and (46) into (32) givesL in the new basis 4 (K;L, U, g I ). We can write this in the formL
where S is the functional which appears in (41). After some manipulationŜ can be brought to the formŜ
To obtain these results we have made repeated use of the identitỹ
which is easy to check from (50), (42) and (6) . We now determine the transformation parameters α(L), β(L) such that the Einstein condition
is satisfied and linear couplings to U are eliminated. To eliminate linear couplings to U we demand K U =Ŝ U = 0. It is remarkable that both quantities are proportional to α − α 0 so that we can both eliminate the linear couplings and satisfy the Einstein condition to O(U ) by choosing
In this case the quadratic terms (51,56) simplify tô
From this we obtainK
This in turn implies
We demand that the RHS vanish for the Einstein condition to be satisfied to O(U 2 ). Using (61) this uniquely determines
Finally, we use this to express the quadratic coefficients in terms of α, α ′ :
Now we must consider the effect of (K; L, U, g I ) → (K;L, U, g I ) on L th + L Q . First note that (E/R)W α W α is Weyl invariant. This leaves the following modifications. We replace
where the latter two are obtained from (34,35) by the replacement D →D,D →D to have covariance with respect to the shifted Kähler potentialK. In addition the transformation (45) must be accounted for in (35, 38) . Because of L dependence in Y α , a contribution to W α U comes fromŶ α when the transformation (45) is made. We find it convenient to rewrite (33) as a series of terms with increasing orders of U :
(68)
The second effect follows from the reorganization of (38) in the new basis:
Note thatB a is the functional which would be present if no U (1) X anomaly existed. Thus, the remainder of the terms are a reflection of the effects of the anomaly. The bosonic terms for the U -multiplet coming from L th + L Q are contained in the θ =θ = 0 components ofD βŴ α V ′DβŴV ′ α . By first appearances, it is a nontrivial task to extract the leading terms from Eqs. (67)-(70). However, we now show that in the supersymmetric vacuum where auxilliary fields have vanishing vevs and U = 0, significant simplifications occur. For the purpose of illustration we extractD βŴ α UD βŴU α . From (68)- (70) it is not hard to show that
where · · · indicates terms containing onlyD αDαL ,D αDα U ,D αDβL ,D αDβ U and hermitian conjugates of these. Such terms do not contribute to the U -multiplet vector boson field strength or auxilliary field D U contained inD βŴ α U , so they are irrelevant for our immediate purpose.
It can be shown that
It follows that
Here we have kept explicit several terms which are O(U 3 ), so that we may illustrate terms which drop out at leading order due to U = 0. Examination ofD β H α i shows that D γ H iγ = 0 for each i = 0, 1, 2, provided supersymmetry is unbroken. Then (77) reduces tô
Thus it can be seen that we need only look atD β H α 1Dβ H 1α and that furthermore we only need the first term in (74). Similar arguments can be made for the other leading terms relevant to the U -multiplet coming fromD βŴ α V ′DβŴV ′ α . From (69) it is easy to show that
We note that the coefficient ofŴ α U is proportional to (62). Thus we extract the leading term to obtain
We note that linear interactions with U arise from the termŝ
Detailed examination shows that these terms are higher dimensional and either involve derivatives or auxiliary fields; thus they are suppressed and we neglect them in our leading order analysis.
When shifts due to supersymmetry breaking are studied, it will be necessary to account for the effects of terms other than (79). For the nonanomalous factors G a of the gauge group, the chiral field strengths are merely replaced according to W α a →Ŵ α a under the redefinitions (45) and (46). The shift in (71) yields
is the quantum correction in the absence of a U (1) X (i.e., with B a replaced by theB a of (72) in (14)) and
The shift (δ X /2q)P χ ln(δ XL /2q) cancels the contribution to the Yang-Mills kinetic terms arising froms − s in (42), and restores the gauge coupling to its original form. The shift (δ X /2q)P χ G q cancels a corresponding shift in L , so as to maintain modular invariance. A careful examination of the component expansion of the redefined superfield Lagrangian described above yields for the mass of the U vector multiplet
Next we perform the component field calculation. We will not assume WZ gauge. This is not as daunting as it may seem, because we can use results from [8] . To simplify matters we neglect T -moduli here. First consider a general vector superfield in global supersymmetry:
In the WZ gauge C = χ = h = 0. We get a massive vector field when a massless one eats a chiral multiplet Θ = (θ, χ, h) with C = θ +θ in U-gauge. So in supergravity it is natural to define
Then comparing with Eqs. (3.4)-(3.6) of [8] we have
where
are the auxiliary components of supergravity multiplet. In addition
Further comparison with [8] gives
The expression for F +F contains the auxiliary field D:
We can evaluate D using Eqs. (3.25) and (3.28) of [8] . We drop all superfields except V and make the substitutions
Then we obtain
So finally we get
The V -dependent part of the (bosonic) Lagrangian is (aside from the usual gauge term)
with (dropping fermions)
where the one-form B m is dual to a linear combination of the curl of a two-form b mn and the Yang-Mills Cern-Simons form ω Y M lmn . The first term on the RHS of s(V ) is canceled by the quantum correction. All the terms linear inM , b m cancel in L(V ), so in the absence of a superpotential, they vanish by their equations of motion. However we wish to keep local supersymmetry explicit down to scales where supersymmetry is broken; hence we will not set these auxiliary fields to zero. Now set φ = σe iα , ∂φ = (∂σ + iσ∂α) e iα .
Including the standard Yang-Mills term, the Lagrangian for D is
The equation of motion for D gives
The field redefinitions in (99) are the scalar projections of (20) and (30):
The one-form plus axion Lagrangian is
We dropped from (101) a term (dropping also a total derivative)
that is canceled by a shift in L Q under the redefinition v → v ′ , which is just an ordinary gauge transformation, i.e. the vector projection of (20) . The vector projection of the first equality in (30) is:
This gives
Solving for b m then gives
which gives the same mass as in (85) when we take into account the normalization of the kinetic term for u m . Indeed, when we substitute the last equality in (104) into (102), we see u m gets renormalized relative to v ′ m by a factor (1 + α/6q), and hence its kinetic term is multiplied by a factor (1 + α/6q) 2 . Alternatively, we can redefine b m :
The last equality in (105), which again provides the correct normalization of the u m kinetic term, 5 is the vector projection of (45) withB = B, up to order c corrections. (Note thatB = B preserves the relation ∇ m B m = FF /2 that follows from (10) .) The equations of motion for F Φ , h,h give
For the D 2 projections of (20) and (30) we have
so in (96) e 2qC |F φ + 2qhφ| 2 → 2qδ X ℓe 2qc |f + 1 6qM | 2 which still vanishes when the equations of motion for f are imposed. However if we keep the full M -dependence, we can cast these terms in a form that is the supersymmetric counterpart of the one-form Lagrangian:
The last equality is the D 2 projection of (45), and L(M , f ) is the supersymmetric counterpart of L(B,b, u) in (105). 6 Since D is invariant under the gauge transformation (20) , we have
where the ellipses represent terms quadratic in auxiliary fields and/or derivatives of fields. Since
the full scalar kinetic energy term take the form explicitly local supersymmetry and the linearity condition (as well as modular invariance when the moduli are included) by making consistent superfield redefinitions. The work performed in this article suggests further research, which is in progress [21] : first, the incorporation of complicating aspects: systems with more matter fields; dynamical supersymmetry breaking by gaugino condensation, and second, the extraction of supersymmetry breaking soft parameters and the consequent electroweak scale phenomenology.
Already without these more realistic features, we have arrived at some interesting conclusions. The modified linearity constraints (10) are significantly modified when rewritten in the light field basis, due to the several terms in (67). Yet the disturbance is in some sense minimal since the new pieces are compactly encoded (at a superfield level, no less) in the functional (67). In addition, the one-loop effective contribution is modified significantly in the new basis, as can be seen in (71). We have shown how to fix to unitary gauge at the superfield level. We have eliminated the important linear couplings to the heavy vector multiplet. The remaining linear couplings appear through (67), but are all higher-order derivative interactions or suppressed by the supersymmetry breaking scale due to the presence of auxiliary fields. We do not seem to be able to dispose of these terms in a simple fashion. Modular invariant field redefinitions were made all along. Because of this, the effective theory of light fields is manifestly modular invariant with modified modular weights for U (1) X -charged chiral multiplets. We have also shown that our results at the superfield level can be reproduced at the component field level.
